Another characterization of Hilbert C∗-modules over compact operators  by Arambašić, Ljiljana
J. Math. Anal. Appl. 344 (2008) 735–740
www.elsevier.com/locate/jmaa
Another characterization of Hilbert C∗-modules
over compact operators
Ljiljana Arambašic´
Department of Mathematics, University of Zagreb, Bijenicˇka c. 30, 10000 Zagreb, Croatia
Received 2 December 2007
Available online 7 March 2008
Submitted by J.D.M. Wright
Abstract
In this paper we discuss a certain class of sets of generators for a full Hilbert C∗-module which characterize Hilbert C∗-modules
over the C∗-algebra of compact operators. An example of such sets of generators are orthonormal bases.
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1. Introduction
A Hilbert C∗-module is a generalization of a Hilbert space for which the inner product takes its values in a C∗-
algebra instead of the complex numbers. Although Hilbert C∗-modules behave like Hilbert spaces in some ways,
some fundamental and familiar Hilbert space properties do not hold. For example, given a closed submodule W of
a Hilbert C∗-module V, define W⊥ = {x ∈ V : 〈x, y〉 = 0, ∀y ∈ W }. Then W⊥ is a closed submodule, but usually
V = W ⊕W⊥ and W = (W⊥)⊥. However, both equalities hold in the class of Hilbert C∗-modules over a C∗-algebra
of (not necessarily all) compact operators on some Hilbert space. Actually, B. Magajna showed in [10] that if V is a
full Hilbert C∗-module over a C∗-algebra A with the property that for any closed submodule W of V it holds V =
W ⊕ W⊥, then A is ∗-isomorphic to a C∗-algebra of compact operators on some Hilbert space. Later, J. Schweizer
in [12] managed to reach the same conclusion with the weaker assumption: that every closed submodule W ⊆ V
satisfies W = (W⊥)⊥. Recently, M. Frank [5] has found out further generic properties of the category of Hilbert
C∗-modules over C∗-algebras which characterize precisely the C∗-algebras of compact operators. Another nice de-
scription of Hilbert C∗-modules over compact operators in terms of densely defined closed operators can be found
in [8].
In this paper we discuss sets of generators {xi : i ∈ I } for a full Hilbert C∗-module over a C∗-algebra A for which
the operators b → 〈xi, xi〉b〈xi, xi〉, i ∈ I , on A are compact, or equivalently, the operators x → xi〈x, xi〉, i ∈ I , on V
are compact. We show that the existence of such a set of generators characterizes Hilbert C∗-modules over compact
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A is ∗-isomorphic to a C∗-algebra of compact operators.
2. Notation and preliminaries
A Hilbert C∗-module over a C∗-algebra A (or a Hilbert A-module) is a complex vector space V which is
also a right A-module, compatible with the complex algebra structure, equipped with an A-valued inner product
〈·,·〉 : V × V →A which is linear and A-linear in its second variable and satisfies the following relations:
(1) 〈x, ya〉 = 〈x, y〉a for every x, y ∈ V , a ∈A,
(2) 〈x, y〉∗ = 〈y, x〉 for every x, y ∈ V ,
(3) 〈x, x〉 0 for every x ∈ V ,
(4) 〈x, x〉 = 0 ⇔ x = 0,
(5) V is complete with respect to the norm ‖x‖ = ‖〈x, x〉‖1/2.
Every C∗-algebra can be viewed as a full Hilbert C∗-module over itself with the inner product 〈a, b〉 := a∗b. We say
that a Hilbert A-module V is full if the closed linear subspace 〈V,V 〉 of A generated by {〈x, y〉: x, y ∈ V } is equal
to A. A set {xi : i ∈ I } of elements in a Hilbert C∗-module V over a C∗-algebra A is said to generate V when the
submodule of finite A-linear combinations {∑j∈J xj aj : J ⊆ I, J finite, aj ∈A} is dense in V . The elements xi are
called generators, and if V has a countable set of generators it is said to be countably generated.
Furthermore, by B(V1,V2) we denote the space of all adjointable operators acting between Hilbert A-modules V1
and V2, that is, the set of all maps A : V1 → V2 for which there is a map A∗ : V2 → V1 such that 〈Ax,y〉 = 〈x,A∗y〉
for all x ∈ V1 and y ∈ V2. By K(V1,V2) we denote the closed subspace of B(V1,V2) spanned by {θx,y : x ∈ V2, y ∈ V1}
where θx,y ∈ B(V1,V2) is defined by θx,y(z) = x〈y, z〉. The elements of K(V1,V2) are called ‘compact’ operators. We
abbreviate B(V ) = B(V ,V ) and K(V ) = K(V ,V ).
Given a Hilbert C∗-module V over a C∗-algebra A, the linking algebra L(V ) is defined as the matrix algebra of
the form
L(V ) =
[
K(A) K(V ,A)
K(A,V ) K(V )
]
.
Observe that L(V ) is in fact the C∗-algebra of all ‘compact’ operators acting on a Hilbert C∗-module A⊕V over A.
Each v ∈ V induces the maps rv ∈ B(A,V ) and lv ∈ B(V ,A) given by rv(a) = va and lv(w) = 〈v,w〉 such that
l∗v = rv . The map v → lv is an isometric conjugate linear isomorphism of V to K(V ,A) and v → rv is an isometric
linear isomorphism of V to K(A,V ). Further, every a ∈A induces the map Ta ∈ K(A) given by Ta(b) = ab and the
map a → Ta defines an isomorphism of C∗-algebras A and K(A). Therefore, we may write
L(V ) =
{[
Ta ly
rx T
]
: a ∈A, x, y ∈ V, T ∈ K(V )
}
and identify: K(A) = K(A⊕0) ⊆ K(A⊕V ) = L(V ) and K(V ) = K(0⊕V ) ⊆ K(A⊕V ) = L(V ). The basic theory
of Hilbert C∗-modules can be found in [9] and [13], while for details about linking algebras we refer to [4] and [11].
For Hilbert spaces H1 and H2, B(H1,H2) denotes the space of all bounded operators and K(H1,H2) the space of
all compact operators from H1 to H2. Further, B(H) = B(H,H) and K(H) = K(H,H) denote the C∗-algebra of all
bounded operators and its ideal of all compact operators acting on a Hilbert space H .
Throughout, by a C∗-algebra of compact operators we mean a C∗-subalgebra of the C∗-algebra of all compact
operators on some Hilbert space.
The concept of an orthonormal basis of a Hilbert C∗-module is introduced by D. Bakic´ and B. Guljaš in [3]. The
system of vectors {vi : i ∈ I } in a Hilbert C∗-module V over a C∗-algebra A is said to be an orthonormal basis for V
if it satisfies the following conditions:
(1) ei := 〈vi, vi〉 ∈A is a projection such that eiAei = Cei for every i ∈ I ,
(2) 〈vi, vj 〉 = 0 for every i, j ∈ I , i = j ,
(3) {vi : i ∈ I } generates a dense submodule of V .
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with the norm convergence.
It is evident that an arbitrary Hilbert C∗-module need not possess an orthonormal basis (e.g., a Hilbert C∗-module
over a C∗-algebra without projections). The existence of orthonormal bases in Hilbert C∗-modules over a C∗-algebra
of compact operators is established in [3].
Orthonormal bases are a special class of standard modular frames, which are introduced by M. Frank and D. Larson
for countably generated Hilbert C∗-modules (see [6] and [7]). Recall that a standard frame for a countably generated
Hilbert C∗-module V over a C∗-algebra A is a finite or countable sequence {fi : i ∈ I } ⊆ V for which there are
constants C,D > 0 such that
C〈x, x〉
∑
i∈I
〈x,fi〉〈fi, x〉D〈x, x〉,
for every x ∈ V , where the sum in the middle converges in norm. Every standard frame for a Hilbert C∗-module V is
a set of generators for V . Countably generated Hilbert C∗-modules over a unital C∗-algebra and Hilbert C∗-modules
over a C∗-algebra of compact operators possess standard frames.
3. The results
First we will generalize the following theorem due to K. Ylinen [14] in the context of Hilbert C∗-modules.
Theorem 1. Let A be a C∗-algebra. There exists a faithful ∗-representation π of A on some Hilbert space H such
that the following conditions are equivalent, for an element a ∈A:
(1) The operator π(a) is compact.
(2) The operator b → aba on A is compact.
Recall that a representation of a Hilbert A-module V is a map Φ : V → B(H1,H2), where H1 and H2 are Hilbert
spaces, for which there is a representation ϕ :A→ B(H1) of a C∗-algebra A such that Φ(x)∗Φ(y) = ϕ(〈x, y〉) for
all x, y ∈ V . We will say that a representation is faithful if it is injective (see [2] and references therein).
Every representation is a linear operator and a modular map in the sense Φ(xa) = Φ(x)ϕ(a) for x ∈ V and a ∈A.
For every Hilbert C∗-module there is a faithful representation to B(H1,H2) for some Hilbert spaces H1 and H2.
Proposition 2. Let V be a full Hilbert C∗-module over a C∗-algebra A. There exist Hilbert spaces H1 and H2 and
faithful representations π :A→ B(H1) and Π : V → B(H1,H2) such that the following conditions are equivalent,
for an element x ∈ V :
(1) π(〈x, x〉) ∈ K(H1).
(2) Π(x) ∈ K(H1,H2).
(3) The operator b → 〈x, x〉b〈x, x〉 on A is compact.
(4) The operator y → x〈y, x〉 on V is compact.
Moreover, π(〈x, y〉) = Π(x)∗Π(y) holds for every x, y ∈ V .
Proof. Since L(V ) is a C∗-algebra, by Theorem 1 there is a faithful ∗-representation ρ : L(V ) → B(H) on a Hilbert
space H such that for every X ∈ L(V ) it holds: ρ(X) ∈ K(H) if and only if the map Y → XYX on L(V ) is compact.
It was proved in [1] that there are Hilbert spaces H1 and H2 such that H = H1 ⊕ H2, and there is a representation
Π : V → B(H1,H2) such that for every a ∈A, u, v ∈ V and T ∈ K(V ) it holds
ρ
([
Ta lu
rv T
])
=
[
π(a) Π(u)∗
Π(v) Π+(T )
]
,
where π : A → B(H1) and Π+ : K(V ) → B(H2) are ∗-representations of C∗-algebras A and K(V ) such that
π(〈x, y〉) = Π(x)∗Π(y) and Π+(θx,y) = Π(x)Π(y)∗ for x, y ∈ V . It checks directly that Π is faithful if and only if
ρ is faithful if and only if π is faithful.
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(2) ⇔ (4). For x ∈ V we define the element X := [ 0 0
rx 0
] ∈ L(V ). Then
Π(x) ∈ K(H1,H2) ⇔ ρ(X) =
[
0 0
Π(x) 0
]
∈ K(H).
By the choice of ρ, ρ(X) ∈ K(H) if and only if the mapping Y → XYX is compact on L(V ). Since every Y ∈ L(V )
has the form
[ Ta lu
rv T
]
for some a ∈A, u, v ∈ V and T ∈ K(V ), we have
XYX =
[
0 0
rx 0
][
Ta lu
rv T
][
0 0
rx 0
]
=
[
0 0
rxlurx 0
]
=
[
0 0
rx〈u,x〉 0
]
.
Therefore, Y → XYX is compact on L(V ) if and only if u → x〈u,x〉 is compact on V .
(1) ⇔ (3). We will show that the constructed representation π satisfies Theorem 1, i.e., for every a ∈A it holds
π(a) ∈ K(H1) if and only if b → aba is compact on A. For a ∈A let
A :=
[
Ta 0
0 0
]
∈ L(V ).
Then π(a) ∈ K(H1) ⇔ ρ(A) ∈ K(H). We chose ρ so that ρ(A) ∈ K(H) if and only if the mapping Y → AYA is
compact on L(V ). Representing Y ∈ L(V ) as [ Tb lu
rv T
]
for some b ∈A, u, v ∈ V and T ∈ K(V ), we have
AYA =
[
Ta 0
0 0
][
Tb lu
rv T
][
Ta 0
0 0
]
=
[
TaTbTa 0
0 0
]
=
[
Taba 0
0 0
]
.
Therefore, Y → AYA is compact on L(V ) if and only if b → aba is compact on A. 
Remark 3.
(1) Every C∗-algebra can be viewed as a full Hilbert C∗-module over itself with the inner product defined by
〈a, b〉 := a∗b. Then a〈b, a〉 = ab∗a, so in Proposition 2, (2) ⇔ (4), we have that π(a) is compact if and only
if the mapping b → ab∗a on A is compact. It is evident that the mapping b → ab∗a on A is compact if and
only if b → aba on A is compact, so we see that the preceding proposition generalizes Theorem 1 to Hilbert
C∗-modules.
(2) Note that, for a fixed x ∈ V , the operator y → x〈y, x〉,V → V , is conjugate linear, since the inner product on V is
conjugate linear in the first variable. Therefore, this operator is not ‘compact,’ that is, it does not belong to K(V ).
We now prove our main result.
Theorem 4. Let V be a full Hilbert C∗-module over a C∗-algebra A. The following statements are equivalent:
(1) A is ∗-isomorphic to a C∗-algebra of compact operators.
(2) There is a set of generators {xi : i ∈ I } for V such that the operators b → 〈xi, xi〉b〈xi, xi〉, i ∈ I , on A are
compact.
(3) There is a set of generators {xi : i ∈ I } for V such that the operators x → xi〈x, xi〉, i ∈ I , on V are compact.
Moreover, if A is ∗-isomorphic to a C∗-algebra of compact operators then for every set of generators {xi : i ∈ I }
for V the operators b → 〈xi, xi〉b〈xi, xi〉 on A and x → xi〈x, xi〉 on V are compact for every i ∈ I .
Proof. (1) ⇒ (2). We will show that every orthonormal basis for a Hilbert C∗-module over compact operators is
a set of generators with the property from (2). So, let us suppose that (1) holds and let {vi : i ∈ I } be an orthonormal
basis for V . By definition of orthonormal basis, pi = 〈vi, vi〉 satisfies piApi = Cpi , so the image of the operator
b → pibpi , A→ A is contained in Cei for every i ∈ I . This means that, for every i ∈ I , the operator b → pibpi ,
A→A, is a finite rank operator, therefore compact.
(2) ⇒ (1). Let {xi : i ∈ I } be a set of generators for V such that the operators b → pibpi , i ∈ I , on A are compact,
where pi = 〈xi, xi〉. From Theorem 1 it follows that there exist a Hilbert space H1 and a faithful representation
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B(H1,H2) of V such that π(〈x, y〉) = Π(x)∗Π(y) for x, y ∈ V (see [1] and references therein). Since π is a faithful
and therefore isometric representation of A, Π is also a faithful and isometric representation of V :
∥∥Π(x)∥∥2 = ∥∥Π(x)∗Π(x)∥∥= ∥∥π(〈x, x〉)∥∥= ∥∥〈x, x〉∥∥= ‖x‖2, x ∈ V.
Then for all i ∈ I it holds
Π(xi)
∗Π(xi) = π
(〈xi, xi〉)= π(pi) ∈ K(H1),
wherefrom it follows that Π(xi) ∈ K(H1,H2). Now for every finite J ⊆ I and {aj : j ∈ J } ⊂A we have
Π
(∑
j∈J
xj aj
)
=
∑
j∈J
Π(xj )π(aj ) ∈ K(H1,H2).
Since the set {∑j∈J xj aj : J ⊆ I, J finite, aj ∈A} is dense in V and Π is isometric, Π(x) is compact for every x ∈ V
as a norm limit of compact operators.
(2) ⇔ (3). This follows from Proposition 2.
Finally, let A be ∗-isomorphic to a C∗-algebra of compact operators and {xi : i ∈ I } an arbitrary set of generators
for V . By Proposition 2, there is a representation Π : V → B(H1,H2) of V such that Π(x) ∈ K(H1,H2) if and only
if y → x〈y, x〉 is compact on V . Let {vi : i ∈ I } be an orthonormal basis for V . Then {vi : i ∈ I } satisfies condition
from (2), and therefore, as we saw in the proof of (2) ⇒ (1), Π(x) ∈ K(H1,H2) for every x ∈ V . In particular,
Π(xi) ∈ K(H1,H2) for every i ∈ I . By the choice of Π , this implies that our arbitrarily chosen set of generators has
properties from (2) and (3). 
Every standard frame for a Hilbert C∗-module is a set of generators, so we can state the following corollary. We
assume that a Hilbert C∗-module is countably generated since a concept of standard frames is introduced for countably
generated Hilbert C∗-modules.
Corollary 5. Let V be a full countably generated Hilbert C∗-module over a C∗-algebra A. The following statements
are equivalent:
(1) A is ∗-isomorphic to a C∗-algebra of compact operators on some Hilbert space.
(2) There is a standard frame {fi : i ∈ I } for V such that the operators b → 〈fi, fi〉b〈fi, fi〉, i ∈ I , onA are compact.
(3) There is a standard frame {fi : i ∈ I } for V such that the operators x → fi〈x,fi〉, i ∈ I , on V are compact.
Moreover, if A is ∗-isomorphic to a C∗-algebra of compact operators then for every standard frame {fi : i ∈ I } for V
the operators b → 〈fi, fi〉b〈fi, fi〉 on A and x → fi〈x,fi〉 on V are compact for every i ∈ I .
In [2] we discussed a standard frame {fi : i ∈ I } for a countably generated Hilbert C∗-module V over a C∗-algebra
A for which exists a family of projections {ei : i ∈ I } ⊆A such that eiAei = Cei and fi = fiei for every i ∈ I . If A is
a C∗-algebra of compact operators, such frames always exist and they have the form {T vi : i ∈ I } for some surjective
operator T ∈ B(V ) and some orthonormal basis {vi : i ∈ I }. We proved there that if V admits such frames then 〈V,V 〉
has to be a CCR-algebra. It is easy to see that there are Hilbert C∗-modules over CCR-algebras which do not possess
such frames, e.g., Hilbert C∗-modules over the C∗-algebra C([0,1]) of all continuous complex functions on the unit
segment [0,1]. Indeed, C([0,1]) is a CCR-algebra since it is commutative, and the only projection e ∈ C([0,1])
which satisfies eC([0,1])e = Ce is the constant function 0.
We conclude our paper by proving an (expected) statement which says that, if V possesses a frame of this type,
〈V,V 〉 has to be a C∗-algebra of compact operators.
Corollary 6. Let V be a full countably generated Hilbert C∗-module over a C∗-algebra A. Then A is ∗-isomorphic
to a C∗-algebra of compact operators on some Hilbert space if and only if V admits a standard frame {fi : i ∈ I } for
which there exists a family of projections {ei : i ∈ I } ⊆A such that eiAei = Cei and fi = fiei for all i ∈ I .
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need to check that the operators b → pibpi , i ∈ I , on A are compact. Since for every i ∈ I
pi = 〈fi, fi〉 = 〈fiei, fiei〉 = ei〈fi, fi〉ei ∈ eiAei = Cei,
there are complex numbers αi such that pi = αiei . Then for every i ∈ I and b ∈A we have
pibpi = α2i eibei ∈ eiAei = Cei .
Therefore, the operators b → pibpi , i ∈ I , have finite rank so they are compact. 
Special case of frames from the preceding statement are orthonormal bases. Since the concept of orthonormal
bases is introduced for arbitrary Hilbert C∗-modules, not necessarily countably generated, we state the next corollary
separately.
Corollary 7. Let V be a full Hilbert C∗-module over a C∗-algebra A. Then V possesses an orthonormal basis if and
only if A is ∗-isomorphic to a C∗-algebra of compact operators.
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